Abstract-In this letter, a wideband passive direction-finding (DF) system utilizing Luneburg lens is investigated. A number of detectors are placed uniformly on the surface of the equatorial plane of the Luneburg lens. Based on the received signal amplitude distribution at the detectors, the direction of arrival (DoA) is estimated using the correlation method. The root mean square errors (RMSEs) of the DoA estimation are calculated for various lens sizes, signal-to-noise ratios, and number of detectors within the frequency band from 9 to 11 GHz. To examine the proposed DF system performance, the Cramér-Rao bound on the RMSEs of the DoA estimation is derived and compared to the simulated RMSEs using the correlation method.
number of detectors are mounted on the surface of the Luneburg lens, the detected voltage amplitude distribution is incident angle-dependent. Thus, from the detected amplitude distribution, the DoA can be determined. This DF system can be wideband as long as the receiving elements are wideband. The highgain property of the Luneburg lens leads to high accuracy for the DoA estimation, which is due to small correlation between amplitude distributions for any two different incident angles. In addition, the emergence of three-dimensional (3-D) printing technology has made the fabrication of Luneburg lens simple and at lower cost [6] , [7] . In general, a Luneburg-lens-based DF system [8] is advantageous in that it has the property of wideband, high accuracy, low cost, capability of multiple-signals DF, and no limit on the field of view in both azimuth and elevation.
A proof-of-concept experimental demonstration of the Luneburg lens DF system using correlation algorithm and conformal feeding was reported [9] . A flat-base Luneburg lens antenna for the DoA estimation using a flat phased array feeding was also reported [10] . In this work, the DoA-estimation performance of our proposed Luneburg lens DF system using correlation method is quantitatively evaluated. The lens size and the number of detectors needed to satisfy the DoA-estimation accuracy requirement at certain signal-to-noise ratio (SNR) and frequency band are studied. In addition, to investigate the capability of the system, the Cramér-Rao bound (CRB) [11] , [12] on the root mean square errors (RMSEs) of the DoA estimation is derived. This investigation will provide a useful design guidance for Luneburg-lens-based DF applications.
This letter is organized as follows. The Luneburg lens antenna is introduced first. The model of the Luneburg lens DF system and the correlation DoA-estimation method is described next. Then, the DoA-estimation performance using the correlation method is evaluated and the impacts of the lens size and the number of detectors are evaluated at various SNR levels and frequency. Finally, the CRB on the RMSE of the DoA estimation is derived and compared to the simulated RMSE using the correlation method.
II. LUNEBURG LENS ANTENNA
Luneburg lens has its origin in optics and belongs to gradient index devices made up of materials with continuously varying index of refraction. For a Luneburg lens built of nonmagnetic materials, the spatial distribution of dielectric constant follows [5] :
where R is the radius of the lens and r is the distance from the center of the lens. Fig. 1(a) shows the structure of a 3-D printable Luneburg lens of diameter of 125 mm [7] . shown in Fig. 1(b) . Each unit cell consists of a center polymer cube of dielectric constant of 2.7 and air voids around it. The rods connecting all the discrete polymer cubes are small that they have negligible impact on the electromagnetic properties of the Luneburg lens [7] . The effective dielectric constant of each unit cell is controlled by the filling ratio of the polymer cube of variable size b 3 based on effective medium theory and is distributed according to (1) . This 125-mm 3-D printable Luneburg lens has a wide bandwidth from 8 to 20 GHz [7] . The high-frequency limit of the lens is due to the unit cell size to guarantee the validity of effective medium approach, and the low-frequency limit is determined by antenna gain requirement.
For simplicity, here the Luneburg lens is fed by a 13-mmlong dipole (resonance at 10 GHz) mounted at the surface of the lens. ANSYS HFSS is used to simulate the Luneburg lens with dipole feeds [13] . Simulated antenna gain of the Luneburg lens in the azimuth plane is plotted in Fig. 2(a) . With the simple dipole feed, the gain and the half-power beamwidth are 17 dB and 13
• , respectively, at 10 GHz.
III. LUNEBURG LENS DF SYSTEM MODEL AND DOA-ESTIMATION ALGORITHM
The schematic of the Luneburg lens DF system studied here is shown in Fig. 3 . A number of equally spaced detectors (specifically envelope detectors with receiving elements such as dipoles, monopoles, etc.) are mounted at the equator of the lens. Although only a single incident angle in the azimuth plane is considered here, the Luneburg lens DF technique can be extended for the estimation of 3-D DoA and multiple sources. The incident angle from the azimuth plane is estimated by using a correlation method based on amplitude-only detection at the detectors. The voltage amplitudes at M detectors for steering angle ϕ are presaved as the vector
These steering vectors for various steering angles are used as the calibration data. The cross-correlation coefficients between the detected amplitude vector y for incident angle θ and the presaved calibration set of vectors are first calculated as
Then, the incident angle is estimated as the angle with the peak correlation coefficient. The estimated angleθ is expressed asθ
In the system simulation model, the voltage amplitude at detector m is
where θ is the incident angle, x m is the noiseless amplitude at detector m (x m is assumed to be constant), which can be obtained from the simulated gain pattern, ψ m is a random phase associated with detector m, and w m is assumed to be a zeromean complex white Gaussian noise (CWGN) with a noise power of σ 2 . The CWGN is modeled as n 1 + jn 2 where n 1 and n 2 are independent and identically distributed white Gaussian noise with a noise power of σ 2 /2. The maximal SNR among all detectors is represented as
IV. LUNEBURG LENS DF PERFORMANCE ANALYSIS

A. General Case
To evaluate the Luneburg lens antenna size effect, lenses with diameters ranging from 45 to 125 mm are simulated in HFSS, where gain patterns at 10 GHz are obtained. In these simulations, the excitation of the lens antenna is an ideal lumped-gap source (0.4 × 0.4 mm 2 ) placed on the surface of the lens. The mutual coupling effect is ignored at first. The previously described correlation method with Monte-Carlo simulation using MATLAB [14] is applied to analyze the DoA-estimation performance. The SNR is assumed to be 15 dB. Fig. 4 plots the DoA-estimation RMSE versus the number of detectors on the lens of various diameters at 15-dB and 20-dB SNR levels. As the number of detectors decreases, the RMSE increases slowly at first, and after some point, it increases rapidly. The transition happens when the detector's angular separation approaches the antenna beamwidth. This is easy to understand as when the detector density is low, some incident angles are not sufficiently sampled. When the detectors are distributed more densely than the antenna beamwidth, diminishing performance enhancement is reached.
In addition, in practical case, the physical size limitation and the mutual coupling effect also need to be considered when determining the number of detectors. As an example, a reasonable spacing to omit the mutual coupling effect is 3/8λ (λ is the wavelength in free space). When the arc spacing between the adjacent detectors is fixed to be 3/8λ, the number of detectors on the lens of diameter of 45, 65, 95, and 125 mm are approximately 12, 18, 30, and 36, respectively. With these assumptions, the resulting RMSEs versus lens diameters are plotted in Fig. 5 . It can be observed that in this case the RMSE decreases with increasing lens diameter and is approximately inverse proportional to the lens diameter.
B. Example of the 125-mm Luneburg Lens With dipoles
As a more realistic example, a Luneburg lens DF system with 36 dipoles mounted on the 125-mm Luneburg lens is studied, as shown in Fig. 6(a) . The dipole is resonant at 10 GHz, and the dipole arc spacing is about 3/8λ at 10 GHz. Fig. 6(b) plots the reflection coefficient at dipole #1 (S 1,1 ), and the coupling coefficient between dipole #1 and dipole #2 (S 2,1 ), #3 (S 3,1 ), and #19 (S 19,1 ), respectively. It is worth noting that dipole #19 is on the opposite side of the lens to dipole #1. The coupling coefficient between the two adjacent detectors is larger than that between the two dipoles facing each other, indicating that there is no significant blockage between feeding elements facing each other. Although all not shown here, the simulation results reveal that the coupling coefficient between two adjacent detectors is the largest and smaller than -10 dB. The simulated gain patterns when exciting one of the 36 dipoles are obtained for the following DoA estimations and plotted in Fig. 2(b) . Fig. 7 plots the calculated RMSE of the DoA estimation (square marker) versus incident angle at 10 GHz when there are 36 dipoles in total (10°angle interval) and the SNR equals 15 dB. The RMSE based on the correlation method (1000 Monte-Carlo runs) ranges from 1.05
• to 1.25
• . The DoA performance of the Luneburg lens system under different SNR level is also studied. Fig. 8 plots the RMSEs of the DoA estimation (square marker) using the correlation method (averaged over all azimuthal angles) versus SNR for the case of 36 dipoles at 10 GHz. For SNR ≥ 15 dB, the RMSE calculated by the correlation method increases slowly with decreasing SNR; while for SNR < 15 dB, it increases sharply with further reduced SNR.
In addition, the impact of the number of dipoles on the DoA performance of the Luneburg lens system is analyzed. The RMSEs of the DoA estimation using the correlation method (averaged over all azimuthal angles) versus the number of dipoles at frequencies from 9 to 11 GHz are plotted in Fig. 9 . Similar to the results in Fig. 4 , the RMSE increases slowly with decreasing number of detectors first and then increases rapidly. The number of detectors of the turning point is about 24, where the angular spacing between the detectors is about the antenna BW. For the cases of the number of detectors ≥ 24, the RMSE is smaller than 3°with SNR = 15 dB and smaller than 1°with 20-dB SNR. These results correspond well with the general case shown in Fig. 4 .
V. CRAMÉR-RAO BOUND
CRB gives a lower bound on the estimation error variance. By evaluating the CRB, the best achievable performance of the proposed DF system based on Luneburg lens can be examined. Thus, the CRB on the RMSEs of the DoA estimation for the system is derived as follows. With the previously described signal model in (4), the probability density function (PDF) of the voltage amplitude at detector m is given by
which follows noncenter chi distribution with order two (or Rician distribution), where I 0 is the Bessel function of second kind with order zero. Then, the amplitude vector y has the PDF
Based on the CRB theory [11] , [12] , the estimation variance for any incident angle θ needs to satisfy
where E y denotes statistical expectation with respect to the amplitude vector. From (7) and (8), the CRB on the RMSE of the DoA estimation can be represented as
The Bessel function has the property that
Based on (6) and (10), the derivative in (9) can be derived and expressed as
By substituting (11) into (9), the CRB can be represented by Bessel functions. There is no close-form solution for the CRB since there is no expectation solution in (9) . Sample mean using Monte-Carlo simulation instead of the theoretical expectation is used to obtain the CRB. When SNR is large, y m is approximately Gaussian distributed with mean x m and variance σ 2 /2. In this case, the CRB on the RMSE of the DoA estimation can be represented as
The curve with triangle marker in Fig. 7 shows the calculated CRB on the RMSE versus incident angle at 10 GHz when there are 36 dipoles in total and the SNR equals 15 dB. The calculated CRB of the RMSE is around 1.06°and periodic with a 10°p eriod-the detectors' angular spacing. The RMSE using correlation method is close to the CRB, indicating a good estimation for this case. The curve with triangle marker shown in Fig. 8 is the CRB versus SNR (averaged over all azimuthal angles) for the case of 36 detectors at 10 GHz. For SNR ≥ 15 dB, the calculated RMSE using the correlation method asymptotically attains the CRB while for SNR < 15 dB, it increases sharply with the reduced SNR and significantly deviates from the CRB.
VI. CONCLUSION
In this letter, a wideband passive DF system utilizing Luneburg lens has been studied. A number of detectors are mounted on the surface of the lens in the azimuth plane. Correlation method using amplitude-only distribution at the detectors is employed for the DoA estimation of an incident microwave signal. The number of detectors is optimal when the detectors' angular spacing is about the antenna BW in terms of performance and cost. The largest number of detectors is limited by the antenna physical size and mutual coupling effect in practice. For the DF system design, the lens size and the number of detectors can be determined from the requirement of the accuracy for certain SNR and frequency range.
Due to limited scope of this letter, only DoA in the azimuth plane of a single source is considered. However, this DF technique based on Luneburg lens can be extended for multiple sources and DoA in both azimuth and elevation planes. In addition, although dipoles are considered in this work for simplicity, other wider band feeding elements can also be used to further enhance system bandwidth.
